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Abstract: We study sun-products on M. n , i.e. generalized Abelian deformations associated with 
star-products for general Poisson structures on M. n . We show that their cochains are given by 
differential operators. As a consequence, the weak triviality of sun-products is established and we 
show that strong equivalence classes are quite small. When the Poisson structure is linear (i.e., on 
the dual of a Lie algebra) , we show that the differentiability of sun-products implies that covariant 
star-products on the dual of any Lie algebra are equivalent each other. 

1 Introduction 

A new kind of deformations was introduced in 0] in connection with the quantization of 
Nambu- Poisson structures (see also |7|]). The main feature of these deformations is that 
they are not of Gerstenhaber's type || in the sense that one does not have a K[[z/]]-algebra 
structure on the deformed algebra (K is the ring over which is denned the original algebra 
A and v denotes the deformation parameter). More precisely, these deformations are not 
linear with respect to the deformation parameter; the product operation annihilates the 
deformation parameter so that one has only a K-algebra structure on the deformed algebra 

AN]- 

The motivation for dealing with these generalized deformations was that they provide 
non trivial Abelian deformations of the usual product, and this point was essential for the 
solution proposed in J3J for the quantization of Nambu-Poisson structures. We recall that in 
Gerstenhaber's framework, Abelian deformations of the usual product of smooth functions on 
some manifold are always trivial (it is a consequence of the fact that a symmetric Hochschild 
2-cocycle is a coboundary). 

Explicit examples of generalized Abelian deformations were constructed in 0, ||. There 
are two main classes of generalized Abelian deformations. On the one hand, one has the 
Zariski products introduced in [|J which involve factorization of polynomials in several vari- 
ables into irreducible factors. Zariski products are Abelian products on the semi-group 
algebra generated by irreducible polynomials and can be constructed from any star-product 
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on R n . Originally the construction of a Zariski product was performed from a Moyal product 
and it appeared crucial to go over semi-group algebras with a proper notion of derivatives 
to fulfill algebraic requirements imposed by the Fundamental Identity of Nambu-Poisson 
structures. This construction is quite sophisticated and little is known about its properties. 
Actually the Zariski quantization induced by some Zariski product shares many properties 
with second quantization (appearance of a Fock space generated by irreducible polynomials, 
etc.). 

On the other hand, sun-products have been studied in ||. They have much simpler 
properties than Zariski products and, roughly speaking, they can be as seen as the finite 
dimensional version of Zariski products. They involve factorization into linear polynomials 
and can be defined on some algebra of functions over finite dimensional spaces. 

Still generalized deformations have to find an appropriate algebraic framework and it is 
the aim of this paper to study sun-products on R n and to clarify their structure. Our main 
result is that sun-products are differentiable deformations, i.e., their cochains are differential 
operators vanishing on constants. This fact allows us to find a complete characterization 
of the cochains of a sun-product: Any sequence of differential operators vanishing on linear 
polynomials defines a sun-product and vice- versa. 

After briefly recalling the most basic facts on star-products and Hochschild cohomology, 
Sect. 2 provides a study of sun-products associated with star-products on M. n endowed with 
a general Poisson structure. We show in Theorem ^| the differentiability of sun-products and 
deduce some consequences of this property. 

We then specialize our discussion to the important case of the dual of a Lie algebra 
in Sect. 3. Consider a Lie algebra q. Its dual q* is endowed with a canonical Poisson 
structure. We show that Gutt's star-product on g* is the only covariant star-product on 
g* whose associated sun-product coincides with the usual product on C°°(g*). From the 
differentiability of sun-products one shows that covariant star-products on the dual of any 
Lie algebra are equivalent each other. 

In Sect. 4, as another consequence of the differentiable nature of sun-products we show 
that sun- products are weakly trivial in the sense of ||. We said that two sun-products are 
weakly equivalent if there exists an invertible formal series of differential intertwining these 
sun-products. The sun-product operation kills all of the non-zero powers of the deformation 
parameter. Weak triviality of a sun-product means weak equivalence with the usual product 
(on the undeformed algebra). When one allows the deformation parameter coming from the 
equivalence operator not to be annihilated by the sun-product, one gets the notion of strong 
equivalence of sun-products. By a simple argument, we remark that strong equivalence 
classes are rather small. We think that these results might be helpful or give some hints for 
the definition of a cohomology adapted to generalized deformations. 
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2 Sun-products on W 



2.1 Notions on star-products 

We summarize here basic facts about star-products that we shall need in the present paper. 
The general reference on star-products theory are the papers [[!]. 0- 

Let M be a Poisson manifold with Poisson bracket P. The space of smooth functions 
C°°(M) carries two natural algebraic structures: It is an Abelian algebra for the pointwise 
product of functions and also a Lie algebra for the Poisson bracket P. A star-product on 
(M, P) is a formal associative deformation in the Gerstenhaber's sense [§] of the Abelian 
algebra structure of C°°(M). More precisely: 

Definition 1 Let C°°(M)[[i/]] be the space of formal series in a parameter v with coefficients 
in C°°(M). A star-product on (M, P) is a bilinear map from C 00 (M)xC 00 (M) to C°°(M)[[v]] 
denoted by f* v g = Y, r >o uT C r {f, g), f,g G C°°{M), where (the cochains) C r :C 00 (M) x 
C°°(M) — > C°°(M) are bilinear maps satisfying for any f, g, h G C°°(M): 

i) C (f,g) = fg; 

ii) C r {c, f) = C r (f, c) = 0,forr>l,cE R; 

Hi) C s (C t (f,g),h) J2 C s (f,C t (g,h)), for r > 0; 

s-\-t — r s-\-t — r 

s,t>Q s,t>0 

iv) C 1 (f,g)-C 1 (gJ) = 2P(f,g). 

A star-product * u is naturally extended to a bilinear map on C°°(M)[[^]]. The conditions 
i)-iv) above simply translate, respectively, that a star-product is: i) a deformation of the 
pointwise product; ii) it preserves the original unit (l* u f = f* u l = /); iii) it is an associa- 
tive product; iv) the associated star-bracket, [f,g]* u = (f* u g — g* v f)/2v, is a Lie algebra 
deformation of the Lie- Poisson algebra (C°°(M), P). 

Usually, one adds one more condition on the cochains C r of a star-product by requiring 
that they should be bidifferential operators (necessarily null on constants by condition ii)). 
These star-products are called differential star-products. In this paper, star-product will 
always mean differential star-product. One has a notion of equivalence between star-products 
given by: 

Definition 2 Two star-products * u and *J on (M, P) are said to be equivalent if there exists 
a formal series T = I + J2 r >i ^Tr, where I is the identity map on C°°(M) and the T r 's are 
differential operators on C°°(M) vanishing on constants, such that 

T{f* v g) = T{f)*jT{g), f,g G C°°(M)[M]. 
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For a long time, star-products were known to exist on any symplectic manifold (i.e., 
when the Poisson bracket P is induced by some symplectic form) ||. Few months ago, as a 
consequence of his formality conjecture, Kontsevich showed that in fact star-products exist 
on any Poisson manifold and gave a complete description of their equivalence classes [ffO | . 



2.2 Hochschild cohomology 

Hochschild cohomology plays a prevailing role in the deformation theory of associative alge- 
bras. It is well known that the obstructions to equivalence of associative deformations are 
in second Hochschild cohomology space and the obstructions for extending a deformation, 
given up to certain order in the deformation parameter, to the next order live in the third 
Hochschild cohomology space. We shall recall here the definition and basic properties of the 
Hochschild cohomology in the differentiable (null on constants) case. 

Let A be the Abelian algebra C°°(M) endowed with the pointwise product. Consider the 
complex C*(A, A) = {C r (A, A)} r >o, where C r (A, A) is the vector space of r-linear differential 
operators null on constants 0: A r — > A, with coboundary operator 5, defined on an r-cochain 
Cby: 

SC(f ,...,f r ) = 



f C(h, ...,/,) + E i-tfCifo, /i-l/i, ■■■Jr) + (-l) r+1 C(/ , ■ • ' > /r-O/n 

l<i<r 

for any /o, . . . , f r in A. The Hochschild cohomology (with values in A) is the cohomology of 
the cochain complex (C*(A, A), 5) and shall be denoted by Hj iffnc (A). A fundamental result 
is 

Theorem 1 (Vey ||16| ) The Hochschild cohomology T~C^ m nc (A) is isomorphic to T(A*TM), 
the space of skew- symmetric contravariant tensor fields on M. 

Hence any Hochschild r-cocycle <fi can be written as <ft — <5$ + A, where 9 is an (r — l)-cochain 
and A is an r-tensor on M. In particular, a completely symmetric cocycle is a coboundary. 



2.3 Notations and definitions 

We start by making precise our notations. The coordinates of W 1 are denoted by (xi, . . . , x n ). 
Let N be the M-algebra of smooth functions on IR n . Let Pol be the M-subalgebra of N 
consisting of polynomials in M[xi, . . . ,x n ]. For a formal parameter u, we shall denote by 
(resp. Poly) the algebra N[[z/]] (resp. Pol[[v]]) of formal series in v with coefficients in N 
(resp. Pol). We distinguish in a subalgebra N° consisting of formal series whose zeroth- 
order coefficient belongs to Pol. N^, N° and Pol y are naturally M[[z/]]-algebras, but we shall 
often view them as M-algebras. 
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The natural projection it: Nj, — > N is an IR-algebra homomorphism and the same symbol 
shall be used for the projections of N° and Polj, on Pol. 

We now define sun-products. Let 5(Pol) denote the symmetric tensor algebra over Pol 
with symmetric tensor product £g>, and let A: Pol — ► iS(Pol) be the M-algebra homomorphism 
defined by: 

fcl fcn 

A(^---x^) = (xf)®---®(x,?), VA*, . . . , k n > 0. (1) 

The map A sends a polynomial in Pol to an element of 5(Pol) by replacing the usual product 
between linear factors by the symmetric tensor product. 

Let P be a Poisson bracket on K n . Given a star-product * v on (M. n ,P), we define an 
M-linear map T, v :S(Po\) -> N° by: 

where /, G Pol, 1 < i < fc, and Sfc is the permutation group on elements. By convention, 
we set T* U (I) = 1, where I the identity of iS(Pol). Notice that the zeroth-order coefficient 
on the right-hand side of (Q) is the product of polynomials /i ■■•/&£ Pol, but in general the 
coefficient of v r for r > 1 is in N. 

Definition 3 To a star-product * v on (M. n ,P), we associate a new product on N° by the 
following formula: 

/o^ = T^(A(7r(/))®A(7r(s))), /,J£N[. (3) 
This product is called the & v -product (or sun-product) associated to *„. 

In words, a sun-product on R" associates to two polynomials f,gE Pol the element 
f& u g G N° obtained by replacing the usual product between linear factors (in some given 
order) in fg by a star-product * u and then by completely symmetrizing the expression found. 
The extension of the product to /, g E N° is obtained by applying the previous procedure to 
the zeroth-order coefficient of fg. Hence a sun-product annihilates any non-zero powers of 
the deformation parameter. 

Basic properties of sun-products are collected in the following lemma: 

Lemma 1 A sun-product q„ on W n is an Abelian, associative product on N°. It fails to be 
M[[u]\ -bilinear, but it is WL-bilinear. N° endowed with a product & u is an Abelian ~R-algebra. 

Proof. That the product q u is Abelian is clear from (D). Associativity follows from Tt(f& v g) = 
7r(/)7r(<7) for f,g 6 N°, and from the fact that both A and 7r are M-algebra homomorphisms: 
Mouh) = 2UA(7r(/)) ® X(n(g Qu h))) = T^(X(7r(fgh))) = (fe„gh„h, for f,g,he N°. 

Clearly a sun-product does not have a unit on N°, nevertheless one has lo v f = f when / is 
a linear polynomial in Pol. 
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From the preceding proof, we see that to every sun-product q v we can associate a formal 
series of linear maps p = ^2 0<r v' r p r , where po — Id is the identity map on Pol, and p r : Pol — > 
N for r > 1, such that fo u g = p(Tr(fg)) for /, g G N°. We shall (abusively) call the maps p r 
the cochains of the sun-product e u . 

2.4 Differentiability 

An example of sun-product has been explicitly computed in || for some star-product on the 
dual of the Lie algebra su(2) seen as Poisson manifold when endowed with its natural Lie- 
Poisson bracket. A remarkable feature of this sun-product is that its cochains are differential 
operators. In the following, we shall show that this fact corresponds to the general situation. 
As a consequence, any sun-product admits a natural extension from N° to N^. 

Theorem 2 The cochains p r of a sun-product & u associated to some star-product * v on 
(R n ,P) are given by the restriction to Pol of differential operators on N. 

Before proving this theorem, we shall derive few lemmas. We consider a sun-product q u 
associated with some star-product * u on (IR n ,P). The cochains of the sun-product (resp. 
star-product) are denoted by p r (resp. C r ). 

For any map (f):M. k — > E, where E is a vector space, 4>{ x hi ■ ■ ■ > x i k ) denotes the 

(il,...,i k ) 

sum over cyclic permutations of (x^, . . . ,Xi k ). 

Lemma 2 Let ip: Pol — > N be a linear map such that = ip{xi) = 0, for 1 < i < n. Let 
(f)\ N x N — >• N be a bidifferential operator null on constants. If the Hochschild coboundary 5ip 
satisfies for any k > 2 and indices (z 1; . . . , i k ): 

^ ] 5^/>(xj 1 , Xj 2 ■ • ■ Xj fc ) = ^ 0(xj i; Xj 2 • ■ • Xj fe ), (4) 

(u,...,»fe) (ii,...,i k ) 

then ij) is the restriction to Pol of a differential operator null on constants. 

Proof. On the right-hand side of Eq. (f|), it is clear that is sufficient to consider bidifferential 
operators of the form (only these are contributing to Eq. (^)): 

Ki<n J 
~ ~ \J\>1 

where J = (ji, . . .,j n ) is a multi-index, \ J\ = J2i< s < n ^, di = d/dx h dj = <9 |J| /<9xf • • • dx^ 
and, for fixed % and J, 4 >hJ is a smooth function on R n vanishing if \J\ is greater than some 
integer. Consider the differential operator 

w = - E E \jhr/ ,JduL 

Ki<n J ' ' 
|J|>1 



6 



where d^f means 9' J ' +1 / /dxf ■ ■ ■ dxf +1 ■ ■ ■ <9x{™ for J = (ji, . . . ,j n ). Notice that xjj(l) = 
ijj(xi) = 0, for 1 < i < n. The following property of ip is established by a straightforward 
computation: 

Y 5$(x il ,Xi a ---Xi k )= Y <P{x h ,x i2 ---x ik ). (5) 

(h,— ,ik) 

for any k > 2 and indices (ii, ■ ■ ■ ,ik)- Then, for ip: Pol — > N satisfying the hypothesis of the 
lemma, we have: 

Y ^(^ -^)(xh,x i2 ---x ik ) = (6) 

(ii,.»i*fc) 

for any k > 2 and indices . . . , ik). Let rj — ip — ip. Since r)(xi) = 0, 1 < i < n, we have 
5r)(xi, f) = Xii](f) — r](xif) for 1 < i < n and / G Pol. Then Eq. (W) implies that 



Tj (Xi x ■ • ■ X{ k ) ^ ] x iiV( x i2 ' ' ' x ik)i 



k 

and by induction on k, we find that r] = on Pol, i.e. ^ = -0 1 p |- □ 

Lemma 3 Let ©„ be the sun-product associated with some star-product * u on (M. n ,P). The 
first cochain p\ ofe u is a differential operator null on constants whose Hochschild coboundary 
satisfies 5p\ = P — C%, where C\ is the first cochain of the star-product * u . 

Proof. From Def. we have for k > 2 and indices (ij, . . . , ik): 



T x h*vP(Xi 2 ■ ■ ■ Xi k ). (7) 



[n,—,ik) 

The first-order term in v in the last equation is: 

Y ^ \ ^ 

Pi {p^i\ ' ' ' x %k ) ~j~ ^ Cl (p^ii > x 12 ' ' ' x ik ) 1~ ^ ^ x ii Pi ( x io ' ' ' ' 



which can be written as 



(*ii—itfc) (*!>•••>**) 



(5pi + Ci)(a; il ,x i2 ■ ■ -x ik ) = 0, (8) 
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since pi(xi) = 0. The associativity condition for a star-product implies that C\ is a 
Hochschild 2-cocycle and Theorem [I] and condition iv) in Def. [I] tell us that C\ = P + 59 
where 9 is a differential operator null on constants. We can always take 9 such that 9{xi) = 0, 
f < i < n, by adding a suitable 1-cocycle to it (e.g., 9{xi) = 9{xi) — &( x i)9i). The Poisson 
bracket P is a 2-tensor and does not contribute to the left-hand side of Eq. @. The same 
argument used in the proof of Lemma ^ (cf. Eq. (|J)) leads us to the conclusion that p\ = — 9 
and, consequently, 5pi — P — C\. □ 

Proof of Theorem^. Using that the cochains of a sun-product satisfy p r {xi) = 0, 1 < Xi < r, 
we can write the equation of the term of order r in Eq. (|7|) as: 

^ ^ 5p r {X{ 1 , Xi 2 ■ ■ ■ Xi k ) = 

(il,...,i k ) 

^ . Cj-i^Xij^, Xi 2 ■ ■ ■ Xi k ) ^ ^ Ca(^'ii; Pbip^i2 ' ' ' *^i)b))) (*^) 

(u,...,i fc ) (n,-,ife) a + 6 = r 

a,o>l 

for k > 2 and r > 1 (for r = 1, the right-hand side has only one sum). Notice that in the 
right-hand side of Eq. (Q) only the first r — 1 cochains of the sun-product q v appear. We 
already know that p\ is a differential operator null on constants from Lemma ^|, and with 
the help of Lemma [2] a simple induction on r proves the theorem. □ 

Remark 1 A direct consequence of Theorem^ is that we can extend sun-products, originally 
defined on M° u , to N u by the formula f& v g = n(fg) + ^ r >i ^ r Pr{^{fg)) for f,g E IV 

Theorem |2] has very simple consequences. We shall end this section by deriving some 
results about the cochains of a sun-product. In Sect. 3 we shall see that differentiability of 
sun-products allows one to deduce interesting properties for star-products on the dual of a 
Lie algebra. The cochains of a sun-product can be used to construct equivalence operators 
and this turns out to be a quite powerful tool to establish equivalence relation between 
certain type of star-products without any cohomological computations. 

Definition 4 S(P) is the set of star-products on (R™, P) such that their associated sun- 
product ©„ coincide with the usual product on Pol, i.e. the cochains p r = for r > 1. 



Corollary 1 Any star-product on (IR n ,P) is equivalent to a star-product belonging to S(P). 

Proof. Let *„ be a star-product and let {p r } r >i be the cochains of its associated sun- 
product. The maps p r are defined on N and we shall denoted by the same symbol their 
linear extension to IV Let us define another star-product *„' by equivalence from * u with 
equivalence operator T = I + J2 r >i z/ ' " Pri t na t is to say: T(f* u 'g) = T(f)* u T(g), f,g 6 IV 
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Since T(xi) = x iy 1 < % < n, we have for k > 2: T(x il * u ' ■ ■ ■ * u 'x ik ) = x i± * u ■ ■ ■ * u x ik , and 
complete symmetrization gives: 



By definition T is invertible and notice that x^Qv • • ■ <3 v Xi k = T(xt 1 ■ ■ ■ Xi k ), from the equation 
above we conclude that x^oj ■ ■ ■ ®Jxi k — x^ • • • Xi k , for any k > 2, i.e. the cochains of ®J 
satisfy p' r = for r > 1. Hence * u ' belongs to S(P). □ 

In view of the preceding corollary, the problem of classification of equivalence classes of star- 
products on (M n ,P) reduces to classifying equivalence classes in S(P). An order-by-order 
analysis in v of star-products in S(P) makes the second Lichnerowicz-Poisson cohomology 
|TT| space appear explicitly here. It plays the same role in the Poisson case as the one played 
by the second de Rham cohomology space for the classification of equivalences classes in the 
symplectic case [fH}| . 

Corollary 2 Let {r]i}i>i be a sequence of differential operators on N such that = 
Vi{ x k) = 0, 1 < i, 1 < k < n, and let * v be some star-product on (IR n ,P). There exists a 
star-product *J , equivalent to * v , such that the cochains of the sun-product &J associated 
with *J are precisely the rji 's. 

Proof. Any star-product * u is equivalent to a star-product * u " in S(P). For {^}j>i satisfying 
the hypothesis of the corollary we consider a third star-product *J defined by equivalence: 
T(f*v"g) = T(f)* u 'T(g) where T = I + J2i>i u%r li- ^ is easily verified that the sun-product 
associated with #„' admits the ?7j's as cochains. □ 

This shows that the set of possible cochains for a sun-product on W 1 coincides with the set 
of differential operators on M n vanishing on polynomial of degree less or equal to one. Also 
it is sufficient to consider only one equivalence class of star-products to generate all of the 
sun-products on W 1 . As one could have guessed, there is almost no constraints imposed 
by the associativity condition on the possible cochains of a sun-product. This fact in our 
opinion makes the cohomology problem for generalized deformations quite difficult (see the 
discussion in Sect. 4). 

3 Sun-products on q* 

We shall specialize our discussion to the case of the dual of a Lie algebra. Let q be a real 
Lie algebra of dimension n. The dual g* of g carries a canonical Poisson structure and, by 
choosing a basis of g, we can identify g* as Poisson manifold with MJ 1 endowed with the 
following Poisson bracket: 



T(x il ®J ■■ ■ 





(10) 
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where the C&'s are the structure constants of the Lie algebra g expressed in some basis. 

A particular class of star-products which are important for physical applications and in 
star-representation theory are the covariant star-products: 

Definition 5 Let g be a Lie algebra of dimension n. A star-product * u on IR n is said to be 
q- covariant if 

1 - 

—(xi* v Xj -Xj* u Xi) = P c (xi,Xj) = } C{jXk } VI <i,j < n, (11) 

k=i 

where the 's are the structure constants of the Lie algebra g in a given basis. 

Star-products on the dual of a Lie algebra were known from the very beginning of the theory 
of star-products. The well known Moyal product is such an example, another for so(n)* 
appears in |2j in relation with the quantization of angular momentum. The general case was 
treated by S. Gutt || who defined a star-product on the cotangent bundle of any Lie group 
T*G. Gutt's star-product admits a restriction to g* that we shall call Gutt's star-product 
on g*. 

Gutt's star-product on g* has a simple expression that we briefly recall here (see |J for 
further details). Polynomials on g* can be considered as elements of the symmetric algebra 
over g, S(g). Let S r be the set of homogeneous polynomials of degree r and let U(g) be the 
universal enveloping algebra of g. The symmetrization map (p: S(g) — > U(g) defined by: 

(j){x h .■■x ir ) = - ] J2 x °m ® • • • ® 

(where ® is the product in W(g)) is a bijection. Let U r = <fi(S r ), one has U(g) = ® r >oU r and 
each u G U(g) can be decomposed as u = ® r >ou r , where u r G U r . Now define a product 
between P G S p and Q G S q , by: 

Px u Q = ^(2z/) fc 0- x ((0(P) ® 0(Q) W r ), 

r>0 

and extend it by linearity to all of S(g). It can be shown that the product x„ is associative 
and is defined by differential operators. Hence one gets a star-product on <S(g) which is 
naturally extended to C°°(g*). This star-product is g-covariant. We shall see that Gutt's 
star-product plays a special role in relation with sun-products on g*. 

Lemma 4 Let g be a fixed Lie algebra of dimension n. The set of g-covariant star-products 
belonging to £{Pc) has only one element. In words, there is only one g-covariant star-product 
on g* whose sun-product coincides with the usual product on Pol. 
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Proof. Let * u be a g-covariant star-product on (M n , Pq) with associated sun-product ©„ which 
coincides with usual product on Pol. Let Lin C Pol be the subspace of linear homogeneous 
polynomials on M. n . It is easy to verify that the * ^-powers, the ©^-powers and the usual 
powers of any X G Lin are identical: 

m Tn 

I. = I0,=I™ VXGLin,m>0. (12) 

Obviously, we also have that X * = X m , for any X G L\n[[u]], m > 0. (As usual, Lin[[i>]] 
denotes the set of formal series in v with coefficients in Lin.) 
For X G Lin[[z/]], consider its ^-exponential defined by: 

expJ*) = £V-, ( 13 ) 

r>0 

it is an element of N u and here exp^(X) is identical to the usual exponential exp(X) for any 
X G Lin[[z/]]. The fact that * u is a g-covariant star-product allows us to make usage of the 
Campbell-Hausdorff formula in the following form (in the sense of formal series): 

exp^(sX)* u exp^(tY)=exp^(Z(sX,tY)), X, Y G Lin, s, t G R, (14) 

where Z(X,Y) = ^2 r>0 v r Z r {X 1 Y) G Lin[[z/]], and the Z r y s are related to the Campbell- 
Hausdorff coefficients by Z r (X,Y) = 2 r c r+1 (X,Y) (where a(X,Y) = X + Y, c 2 (X,Y) = 
Po(X,Y)/2, etc.). As the ^^-exponential of X G Lin[[z/]] is simply the usual exponential, 
Eq. (|T§ yields 

exp(sX)* u exp{tY) = exp{Z{sX,tY)), X, Y G Lin, s, t G R, . (15) 

Hence a g-covariant star-product for which the associated ©^-product is the usual product 
must satisfy the preceding relation. 

Actually Eq. (151) determines the star-product *„ completely. Notice that a bidifferential 



operator B: N x N — > N is completely characterized by the functions B(X a ,Y b ), a, b G 
Lin. The functions C r (X a , Y b ), < a, b, r, X, Y G Lin, which completely determine 
the cochains C r of * u can be easily computed by differentiation with respect to s and t on 
both sides of Eq. (|i5|) of the coefficient of v r and by evaluation at s — t — 0. Therefore there 
is at most one star-product whose associated ©^-product is the usual product on Pol. 

It is easy to show that the star-product defined by Eq. (|15D has a the usual product 
as associated ©^-product. By setting Y = X in Eq. (|I~5D, we find that X a * u X b = X a+b , 
VX G Lin, < a, b, which implies by induction that X*v = X a , VX, a, b. By Eq. (|l|) we 

a 

have J0« = X a , VX, a, and since @ v is Abelian, it implies that @ v is the usual product on 
Pol and this proves the lemma. □ 
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Lemma 5 Let g be a Lie algebra. The g-covariant star-product characterized in Lemma [| 
is Gutt's star-product on g* . 

Proof. We shall use the notations introduced in the proof of Lemma f|. Let g be of dimension 
n and let *„ be the star-product characterized in Lemma |] by Eq. (p~5|) . The identification 
of the coefficients of v r in fll5|) gives: 

C r (exp(sX), exp(ty)) = F r (sX, tY) exp(sX + tY), VX, Y G Lin, s,teM, (16) 

where the F r 's are polynomial functions of the (normalized) Campbell-Hausdorff coefficients 
Z r (sX,tY) and are defined by the following recursive relation with Fq = 1: 



k=r— 1 

F r = - ( r - k ) Z r-kF k , r > 1. (17) 



fc=0 

By induction, one finds the explicit expression for F r for r > 1 to be: 



fc = l m 1 >->m fe >l 
n 1 ,...n fc >l 

m l n lH l _m fc Tl fc~ r 



Now we shall derive an explicit expression for X* v exp(Y), X, Y G Lin. Notice that this 
relation also characterizes * u as any polynomial can be expressed as a * ^-polynomial (it is 
a simple consequence of Eq. (0)). In general, the Campbell-Hausdorff coefficients {cj}j>i 
(ci(X, Y) = X + Y, c 2 (X, Y) = ~[X, Y], etc.) have the following properties: 

Ci{0,X) =Ci(X,0) = 0, i>2; 

^c t (sX,Y)\ s=0 = -^^(ad Y y-\X), i>2; (19) 
where ady \ X \— » [Y, X], and 5 n are the Bernoulli numbers. These can be easily derived from 



the standard recursive formula for the q's, see e.g. |T3 . 

Also, using Eqs. (|I^) and (|Hf), along with the definition of Z r (Z r = 2 r c r+ i), one finds 
that 

F P (0,y) = 0, r>l; 

F r (sX,E)| s=0 = Z r (sX,E)| s=0 = —L( a d Y ) r (X), r > 1. 
as as r! 
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Therefore we can write 

C r (X,exp(tY)) 



= — (F r (sX,tY)exp(sX + tY))\ s=0 



= ^(ad tY ) r (X)exp(tY), r > 1. (20) 

For r = 0, we simply have: C r (X, exp(tY)) = X exp(tY). Equation (p0|) is also characterizing 
Gutt's star-product on g* (compare with Eq. (3.2) in ||). □ 

As a simple consequence of Lemmas ^ and |5] we have the following corollary which tells us 
that any two covariant star-products on the dual of a Lie algebra are equivalent. 

Corollary 3 Any covariant star-product on the dual of a Lie algebra g is equivalent to Gutt's 
star-product on g* . 

Proof. Let *„ be a g-covariant star-product on g*, the dual of a Lie algebra of dimension n. 
From Corollary [TJ * u is equivalent to a star-product *J belonging to £(Pc), where Pc is the 
Lie-Poisson structure on g*. The equivalence operator is constructed out from the cochains of 
the sun-product associated with * u and it leaves invariant linear polynomials, i.e. T(xi) = Xi, 
1 < i < n. Consequently, *J is also a g-covariant star-product. According to Lemmas f| 
and H, *„' must be Gutt's star-product on g*. □ 

Remark 2 Though the de Rham cohomology of g* is trivial, not all star-products on g* 
are equivalent. Indeed, in the symplectic case, the second de Rham cohomology space clas- 
sifies equivalence classes of star-products. In the Poisson case, one has to consider the 
Lichnerowicz-Poisson cohomology instead, and this cohomology is not in general triv- 
ial for the Lie-Poisson structure on g* . See fiLHJ , for explicit computations of some of the 
(Chevalley-Eilenberg) cohomology spaces for the dual of a Lie algebra. 

4 Weak and strong equivalences 

In the deformation theory of some algebraic structure one has the notion of equivalent de- 
formations. The equivalence of star-products given Def. |2] is adapted to the associative 
(differential) case and one has similar notions of equivalence for other algebraic structures 
(e.g., Lie algebras, Abelian algebras, etc.). Moreover, as mentioned in Sect. 2.2, it is a gen- 
eral result of Gerstenhaber || that obstructions for equivalence of deformations reside in 
the second cohomology space of an appropriate cohomology. For associative, Lie, Abelian 
deformations the associated cohomologies are, respectively, Hochschild, Chevalley-Eilenberg, 
Harrison cohomologies. One may wonder what is the corresponding cohomology for general- 
ized Abelian deformations. Before discussing on that matter, it is important to bear in mind 
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that in Gerstenhaber's theory of deformations a deformed algebraic structure has a structure 
of K[[z/]] -algebra, where K is the ground ring of the original structure. This feature, which 
is crucial to determine the appropriate cohomology, does not hold anymore in the case of 
generalized deformations. 

The answer to the cohomology issue raised by generalized deformations might be, as 
advocated by M. Flato |J, that one has to give a noncommutative ring structure on the space 
of formal parameters in such a way that M[[z/]]-bilinearity would be restored. This should 
lead to a noncommutative deformation theory and the first steps toward this program were 



taken by Pinczon |y| who considered the case where the deformation parameter is acting 
by different left and right endomorphisms on the algebra (hence the deformation parameter 
is not required to commute with the undeformed algebra). This point of view produced very 
interesting results (e.g., deformation of the Weyl algebra yields supersymmetric algebras), 
but still generalized deformations do not fit in the particular framework considered in fl5fl . 

The cohomology problem is still open and in a previous work []5| we have nevertheless 
considered two notions of equivalence for sun-products. They are mimicking the usual notion 
of equivalence and take into account that sun-products are not M[[z/]]-bilinear operations, but 
only M-bilinear. Let us recall their definitions. 

Definition 6 Two sun-products & u and ®J on (W a , P) are said to be (a) weakly ((b) strongly) 
equivalent, if there exists an W\[v\\-linear map S V :H V \— > N u where S v = ^2 r>Q v r S r , with 
S r : N — > N ; r > 1, being differential operators and So = I, such that for f, g G N the 
following holds: 

(a) S u (fe u g) = S v {f)®J 'S„(g), 



(b) S v (f& v g)= S^f)Q u 'S^g)\n=v 

For weak equivalence, condition (a) above can be equivalently replaced by S u (fe u g) = f& v 'g, 
as sun-products annihilate the deformation parameter v. In the case of strong equivalence, 
condition (b), when written in terms of the cochains of the sun-products, simply states that: 

J2 S r(ps(fg))= E Pr(Sa(f)S b (g)l f, 9 G N, t > 0, (21) 

r + s — t r + a + b=t 

r,s>0 r,a,b>0 

where the piS (rep. p'^s) are the cochains of & u (resp. q v '). It can be easily checked that Def. ^| 
indeed defines equivalence relations on the set of sun-products. Weak or strong triviality has 
to be understood as weak or strong equivalence with the pointwise product on N. 

We shall now draw some conclusions for weak and strong equivalences of sun-products 
from Theorem [2|. It was shown in that a sun-product is weakly trivial if its cochains are 
differential operators. Hence as a corollary of Theorem ^|, we simply have: 



14 



Corollary 4 Let e u be a sun-product on (IR ra ,P), then ® v is weakly trivial. 

Proof. Let pi be the cochains of ©„. They are differential operators null on constants by 
Theorem ||. Then define S v to be the formal inverse of ^2 r>0 v r p r - The map S u satisfies 
S u (fe u g) — f ■ g for /, g G N, where • denotes the pointwise product, hence & v is weakly 
equivalent to the pointwise product. □ 

On the the hand, we shall see that strong equivalence puts severe conditions on the equiv- 



alence operator S v . By setting g = 1 in Eq. (21), we get with shortened notations that 
S v p = p'Sy and by substituting this relation in Eq. (|2~ID, we find that the equivalence opera- 
tor should satisfy S v {fg) = S u (f)S u (g). Hence S u can be nothing else than the exponential 
of a formal series of derivations of the pointwise product. Actually there are still some sup- 
plementary constraints on S u , but we do not need to be concerned with them. We conclude 
that strong equivalence classes are very small and can even reduce to a single point in some 
situations (e.g., the equivalence class of strongly trivial sun-products). 

Although, we do not know whether weak and strong equivalences are induced by the 
cohomology of some complexes, these notions provide limiting cases between which a proper 
notion of equivalence for generalized deformations should lie. 

Acknowledgements. The author would like to thank Moshe Flato and Daniel Sternheimer 
for very useful discussions, and Izumi Ojima for great hospitality at RIMS where this work 
was finalized. 



References 

[1] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, and D. Sternheimer. Deformation 
theory and quantization. I. Deformations of symplectic structures. Ann. Physics 111, 
61-110 (1978). 

[2] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, and D. Sternheimer. Deformation 
theory and quantization. II. Physical applications. Ann. Physics 111, 111-151 (1978). 

[3] M. De Wilde and P. B. A. Lecomte. Existence of star-products on and of formal 
deformations of the Poisson Lie algebra of arbitrary symplectic manifolds. Lett. Math. 
Phys. 7, 487-496 (1983). 

[4] G. Dito, M. Flato, D. Sternheimer, and L. Takhtajan. Deformation quantization and 
Nambu mechanics. Comm. Math. Phys. 183, 1-22 (1997). 

[5] G. Dito and M. Flato. Generalized abelian deformations: application to Nambu me- 
chanics. Lett. Math. Phys. 39, 107-125 (1997). 

[6] M. Flato. Private communication (1996). 



15 



[7] M. Flato, G. Dito, and D. Sternheimer. Nambu mechanics, n-ary operations and their 
quantization. In Deformation theory and symplectic geometry (Ascona, 1996), vol- 
ume 20 of Math. Phys. Stud., pages 43-66. Kluwer Acad. Publ., Dordrecht, 1997. 

[8] M. Gerstenhaber. On the deformation of rings and algebras. Ann. of Math. 79, 59-103 
(1964). 

[9] S. Gutt. An explicit ^-product on the cotangent bundle of a Lie group. Lett. Math. 
Phys. 7, 249-258 (1983). 

[10] M. Kontsevich. Deformation quantization of Poisson manifolds I. Preprint I.H.E.S. 
|q-alg/9709040| (1997). 

[11] A. Lichnerowicz. Les varietes de Poisson et leurs algebres de Lie associees. J. Differential 
Geometry 12, 253-300 (1977). 

[12] D. Melotte. Cohomologie de Chevalley associee aux varietes de Poisson. Bull. Soc. Roy. 
Set. Liege 58, 319-413 (1989). 

[13] M. A. Naimark and A. I. Stern. Theory of group representations, volume 246 of 
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathe- 
matical Science]. Springer- Verlag, New York, 1982. 

[14] R. Nest and B. Tsygan. Algebraic index theorem. Comm. Math. Phys. 172, 223-262 
(1995). 

[15] G. Pinczon. Noncommutative deformation theory. Lett. Math. Phys. 41, 101-117 (1997). 

[16] J. Vey Deformation du crochet de Poisson sur une variete symplectique. Comment. 
Math. Helv. 50, 421-454 (1975). 



16 



